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Ihr cascade of hindlnc rcact~ons which eventually can lrad to CC1l IYSIS

is initiated hy the first com;~lcmcnt component, Cl, binding to one Iu\!



mr a p:tir [or hirhrr mult Iplrs] of l@ molrculcs in close proximity on

th~ cell mdwanc (Rorsos aid R=PP, 196Sa,bl. Studirs hy Itumphr@y and

Murmashkin [lWS) and Wumphrry (1967) shwcd that for a red hloml cell

about SIM IsG molcculcs houlil k rcquircJ to attach at rmJoa for there

to be an ewn chance that t~o such aolccui~= kmld h at aJjacmt sites.

Th5, at least for red CCIIS, it uould ●t first sight seem best if the

imwnc systm secrctod only 1x3!. For ● patltogcm mailer than a rcd

bled crll, cm the critical nuaber of lEC molcculcs rrquircd to hind

in ordrr to initiate” the complcwnt react ion MOUIJ k smal ler than $00,

ad sbouid scale roughly ●s the ratio of the surfzcr arr~ of the patho-

~cn to that d the red blood CW1l (asmming equal Jmsiti*> of anti-

~cnic Jetcrainantsl.
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motlul, 1 sh; tl] also :iswmc that a fraction, v(t), of LG CC1l S arc pro-

lafcratin~ at per capil~ rate h onJ the rmminin~ fraction, 1 - v(t),

●rc diffcrcntinting with pcr capita rate d into LN CC1lS (Figure 2).
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1 further asrumc 1.,1 CCIIS sccrctc Ig!l at rate s and I.G cells sccrctc

lgG at a rate “ts, where ‘f > 1 is introJuccd to account for the Jiffer-

pcr capita net rate r in the abscncc oi antibody and comnlcmcnt ~nd is



Iysis by complement . Once complement hns ;ictd to Iiill a ccllultir

antigen, the dcwl ccl], 5, is assumed to remain in the systcm until it

is removed, say by phagocytosis, at pcr capita rate fia.

To complctc the model 1 ncwl to specify how antibody hinds to cells and

thr prolmbllity of a cell being kind by complement dcpcndcnt lysis.

I shall assume that each antigen (ccl]) has a total of 60 sites at

which antibody can bind, and tbc concentrations of sites hound by Ig!l

and lgCI on 1 ivc and dcwl nntigcns arc cjl,n[;. B,l md 8G, respectively.

As the antigen grous the total number of avail~blc sites in the system,

q)o increases, hut as dead CC115 arc removed so arc sites and 3nti-

bodics bound to the dcnd cells. IgYl is assumed to bind ~ith only one

of its ten sites while lgG i% assumed to bind bivalcntly. The forward

and rcvcrsc rate constants for the binding reactions of IgN and IgG arc

k,,, k+ kG and k~, rcspcctivrly. Kith this set of nss-~mptions one ob-

tains the follo~ing state equations:

~}, = bu(t)l.}l - d[l - u(t)]l.~,l + d[l - v(tHLG (1)

.

%
= bv(t)!: - d[l - v(t))l.G + d[l - u(t)l.,, (2).

.
a=ra- ‘aa ‘kill (s)

~ = ‘aa ‘kill - ila$ (6)

.
(9;

and probability of being killed by complcmcnt, pkill, is given 1]~

pkill = p~l + pG - pFlpG (11)

‘brc p~, = py,(o~,, a] and PG = p~(~~, a) arc the probabilities of an

antigen being killed ~ith IgY :lnd IgG, rcspcctivcly. Since b), Q Bil/a

is mean numhcr of !;!! molcculcs bound pvr antigen, P)\9 i“e”t the P~~b-
ability of having ut least onc IgN bound to each antigen, is given by



while the prol’mhility of having at least c lgG molcculcs bound per

antigen is

(12)

(13)

where 5G ~ pG/a and fiG > 2C for c IgG tnolcculcs to bc bound. Using

the Dc-Moivrc Laplacc theorem onc can show

(14)

In deriving (1?) and (14) I have relied on the fact that 60 is typically

10S and hcncc much greater than 5}, or 6G on live CC1lS.

The optimization prohl~’m I wish to consider is minimize the time, i.e.,

T
min

J
dt (15)

U(”),v(”) o

to go from the initial state:

Lh,(Oj = LMO, LG(0) = LGO, M(O) = G(0) = 0, a(0) = a.

(16)
5(0) = Ph,(o) = f,,(o) = PC(O] = BG(0) = o

to the final manifold:

a(T) = a* ie.go, (17)a* < 1 antigen/animal)

subject to the dynamic constraints of Eqs. (1) - (10) and the static

constraints

O< u(t) < 1, 0 <v(t) < 1, t ● [O, T] (18)

R~sults——

If aO is too large the antigen grows without bound and the final mani-

fold cannot be reached. For smaller values of ao, using numerical

tcchniqucs, I have compared the times needed to reach a* for the fcil-

lowing strategies: 1) secrete only IgM 2) secrete IgM and then switch



to $x!! sccrc~ ion. Mere I shall cmly report results for a typical set

ef biologically reasonable parwxeter values. ,% =orc cowpletc discus-

sic3n of results, including a study of para=etcr sensitivity, will be

published clsc~herc.

.ts a typical parwwter set 1 have chosen b = d = 0.1 h-~, s = 3.6 x 108

antibodies h-l, T = 5, w = 0.03 h-$, MG = 0.006 h-*, r - 9.S h-;,

Ea = 2.0 h-], fja = O.M?#h”l, k%f = 3.9 X 10-11 C=3 ~~lec~le-l h-l

k;! = 4.~z x lo~ h-l

*
, kG = 3.6 X’lO-ll Cas molcculr-t l--i, k~ = 1.44 h-i,

~ . 32 and EO = 4 x 10’. Concentrations arc cxprcssc-d in molecules or

cells per Cms. 1 have ass:iaed the immune response is occurring in a

Rouse with a seru,a rolum of 1.25 cm~. Further, c and GO ha\*c been

chasen to rcprcscnt a psthogcm, such as a bacteria, iiith a surface area

1/25 thtic of a red blood cell. Using these parameters I show in Figure

3 how the final time T vari~s with the tine t~ at ~hich the control

switches from u = 1, V = O t’l? u = O, V = 1 [Ig%? to I~C switch) for vary-

ing initial concentrations of ao, with Lt~6 = 1 x l(lb cells/cm3 and

LC30 = o. For > 2 x 10]1 cells/cm3 the-antigen .,qr~~{~30 without ijcund.
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Figure 3. The final time vs the switchin? time for an immune response
employing an Ig\l-Ig(; :i\{itch. The case of no sl(ltch, i.e., Ig!l prodllc-
tion only, corresponds to the last point on each curve where t< = T’.
Initially, LVII = 1 x 10” cells/cm3, I.(;g = (), and no
1 X l(?ll cells/cm3 tlu 1 x 10- CCllS/Cm .

\i:lS varied- bet~,~>cll
The value of an is indicatcJ

next to each cur~e in the figure.
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~ith somewhat smaller values of aO the anti~cn can : destroyed only

if the witch to Sg(l production is delayed beyond some critical time

(e.g., approximately I.(} h for aO = 5 x 1016 ce21s/cml). Thus early

ig$~ prcwuction is crucial. i~or each antigen concentration there is

SOEICoptimal tiae to switch to IgG production: which minimizes the

total rc+spense tine 1’. tfhcn aq x 1 x 10’ CellS/CnI> the optimal switch-

ing tim js :cro, tihcrcas for ail = 1 X 10’6S 5x 101@, and 1 x 10’1

cells/cis3 the optimal switching times are roughly 6 h, 12 h, and 20 h,

respectively.

In Figure 4 1 illustrate the effects of beginning an immune rtsponse

with cells that secrctc lgG and then ;~witching at time t~ to the pro-

duction of 1.,1 cells. If aO > 5 x 101° cells/cmJ [not shown) then for

a pure IgG rcspensc or for any choice of switching time the antigen

grows without bound. For ao = 6 K 10’ cel]s/cm 3 the antigen can be

~-ontrolled nnly if a ~lsitch tQ 1:!! production is rn.adc very early. When

aO < 1 x 10’ cells/cm3 lgG is sufficiently effective that switching to

lg\l production has no effect on the total response rime. Another type

34

32

24

24

20

16

12

8

4

I i T ! I I 1 i
-8XI09
L6XI(39

1
~i _-I 1 I 1 I 1 I

O 4 8 12 I’6 20 24 28 32 36

t,(hr)

Fi~ure 4. The final time vs the switching time for an immune response
cmpIo\ing a:: [:G-Is’I! sxitch [i.e U(t ) = 0, v(t) = 1, 0 ~ t < ts;
u(t) ~ 1, v(t)’= 0, t< < t G T] ~;th L\,fl = o. Lcn -“= 1 K 104 cells/cm3. .-



Gf hchavior QCCUr S when a. = ~ x 10* CCll S/CE’* Here a switch to lg~l

prm?lletion at t s ~ ~’on~i~cr~bl}* lengthens the response; t},e LG pOpU-

j:~tion is being deplctebl, so killing by lgG is initially ;ncffectivc

ad there is :! long delay (~ )2 h) befo:*c the L}l population is suffi-

cicntiJ* large to prcmnt the mtigcn population from increasing. How-

erer, if the switch is delayed or if only IgG is secreted, theri enough

lgG is prnduccd to quickly contrrl the antigen.

comparing Figures 3 and 4 one notices that for a. < 1 x 10’ ceJls/cm?

the total response time T is less for pure IgG immune responses than

for responses which rmplo~” an lg!f-?gG switch. Thus for “low” antigen

doses it is better to employ a pure IgG response while for “high” anti-

gen doses an IgX-IgG switch is better. In fact, employing a pure IgG

response at “high” doses can bc a fatal mistake. Here “high” and “low”

doses arc defined rclatirc to the initial lymphocyte populations, LRIO

and LCO, since the ratio of bound antibodies to antigens is the crucial

parameter in cictcrmining cell lysis. ‘bus ‘f ‘Go is large enough one

~ould expect that a pure IgG response would be effective against all

rcalizcablc antigen concentrations and consequently would be a good

strategy. }lowever, if the initial lymphocyte population is low then
~c~t ~c CT*?*UJit xoald seem lm.. an ?g~!-12G SliitCh Since 3!? ~n+m’1 m2y be-..A.,...A

confronted \{ith a “high” antigen dose. In fact, this divergence in

strategies is obser~red biologically. Khen the same antigen is encoun-

tered by an animal for a second time (the secondar~. response) the immune

system has ready a large population of lymphocytes able tc react with

the antigen and the immune response is observed to be almost a total

IgG response. In contrast, \(hcn an antigen is encountered by ari ani-

mal f~r the first time (the primary response) a much smaller number of

lymphocytes are able to react ~ith the antigen and a switch ii~ the type

of antibody from IgM to IgG is usually observed.

Conclusions

For aO C 1011 cells/cm3 and the other biologically reasonable parameter

values used to generate Figures 5 ancl 4 one can draw the following con-

clusions:

1) It is better to begin an immune response with L)l cells rather than

LG cells if the antigen concentration is high (aO > 1 x 109 cells/cm3).

2) Beginning with only L~f cells one can always reduce the time needed

to eliminate the antigen by switching to IgG production at an appropri-

ate time
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3) At hi~h unt!gcn doses switching from IR91 to IgC production too

rarly can allowthc anti~en to grow unhundcd, swit~.:hing too late or

not at all only lengthens the response tlmc.

4) At low antigen doses it is always better to begin the immune re-

sponse with LG cells. Switching these LC CC1lS into LM cells pro~*ides

no advantage to the animal.

If complcmcn? dcpcntlcnt killing of pathogenic organisms were an impor-

tant dcfcnsc strategy over evolutionary time, then it svems reasonable

that natural selection would have lcd to the development of an Ig31-IgG

switch for the primary immune rcspcmsc, and an all IgG secondary re-

sponse. Iihcthcr more complicated switching strate~ie~ or singular con-

trol would lead to an even more efficient respon~c is not yet known.
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